A malaria model is formulated which includes the enhanced attractiveness of 7 infectious humans to mosquitoes, as result of host manipulation by malaria 8 parasite, and the human behavior, represented by insecticide-treated bed nets 9 usage. The occurrence of a backward bifurcation at R 0 = 1 is shown to be 10 possible, which implies that multiple endemic equilibria co-exist with a stable 11 disease-free equilibrium when the basic reproduction number is less than unity.
in the case that the total vector population is at equilibrium. We use the geometric method to stability [25] . This result ensures that the disease will become endemic 75 for R 0 > 1 whatever the initial cases of infection in both the populations are.
76
Finally, we assess both the individual and simultaneous impact of bed-net us-77 age behavior and vector-bias preferences on system dynamics and, in particular, 78 how they can influence the basic reproduction number and the occurrence of the 79 backward bifurcation.
80
The rest of the paper is organized as follows: in Section 2 we introduce the 81 model and give some basic properties, including the local stability of the disease- 2 Model and basic properties 88 We consider the following system of nonlinear ordinary differential equations:
where the upper dot denotes the time derivative and the state variables are given by 90 susceptible humans, S h , infectious humans, I h , susceptible vectors, S v and infectious 91 vectors I v . The parameters are all strictly positive constants and their meaning is 92 described in Table 1 . The terms λ h (b, π) and λ v (b, π) are the forces of infection.
93
Following [10] we assume that mosquitoes that bite humans will do it at prob-94 ability p if the human is infectious, and probability q, with p > q, if the human is 95 susceptible. Hence, when a mosquito bites an human, the probability that this hu-96 man is infected is given by the ratio between the total bitten infectious humans and 97 the total bitten humans, pI h /(pI h + qS h ), whereas the probability that this human 98 is susceptible is given by the ratio between the total bitten susceptible humans and 99 the total bitten humans, qS h /(pI h + qS h ).
100
If π denote the ratio p/q, then π ≥ 1 (π = 1 means that the enhanced attrac-101 tiveness of infectious humans to mosquitoes is neglected) and it follows: The parameter b represents the bed net usage. It ranges between b = 0 (no bed 103 net users) and b = 1 (all the individuals of host population are users). Using bed 104 nets reduces the probability for humans to be bitten. Moreover, the nets are treated 105 with insecticide. Therefore the role of b in the model is to reduce the contact rate 106 β and to increase the mosquito death rate η. Therefore, it is assumed that [1] 107
Denote by N h and N v the total human and vector population, respectively (i.e.
108
N h = S h + I h and
From these equalities, by using positiveness of solutions and a comparison theorem [23] , it is not difficult to show (see [1] ) that model (1) can be studied in the positively invariant and attractive set
System (1) admits the disease-free equilibrium
The Jacobian matrix corresponding to (1) is,
where α 0 = α + µ + δ, and, in view of (2),
and
Introduce now the basic reproduction number
From now on we will omit, when it is not necessary, to explicitly indicate the b-
113
dependence of β and η. We have the following result.
114
Theorem 2.1. The disease-free equilibrium E 0 , given by (5), is locally asymptoti-
115
cally stable if R 0 < 1 and unstable if R 0 > 1.
116
Proof. Evaluated at E 0 , the Jacobian matrix (6) gives
where
The eigenvalues are given by λ 1 = −µ, λ 2 = −η and the other two are eigenvalues of the submatrix
The trace of J is negative, and the determinant is
In view of (7) it follows det J(E 0 ) = α 0 η (1 − R 0 ), so that E 0 is stable if R 0 < 1,
118
and unstable if R 0 > 1. #
119
Now let us introduce the quantities
Note that C 0 > 0 is equivalent to R 0 < 1, and the B 0 < 0 is equivalent to R 0 > R a , where
The following theorem concerns the existence of endemic equilibria: 
(iv) no endemic equilibria otherwise.
Proof. Denote by E * = (S * h , I * h , S * v , I * v ) a generic endemic equilibrium of model (1) . In view of (1), the components must be solutions of the following equations:
where α 1 = (α + µ)/(α + µ + δ), and
Therefore,
Substituting this last in (14) one gets the quadratic equation
where the coefficients are given by (9)-(11). Note that A 0 > 0. Then, the thesis 130 follows by applying the Descartes' rule of signs. #
131
Theorem 2.2, point (ii), has established the possibility of multiple equilibria for R 0 < 1. Note that the inequality B 2 0 − 4A 0 C 0 > 0, written in terms of the basic reproduction number, may be written
Therefore, model (1) has two positive equilibria if
3 Bifurcation analysis
133
In this Section we prove that the occurrence of multiple endemic equilibria for R 0 < 1
134
comes from a backward bifurcation. This will also give information on the local 135 stability of endemic equilibria. To this aim, we study the centre manifold near 136 the criticality (at E 0 and R 0 = 1) by using the approach developed in [9, 14, 37],
137
which is based on the general centre manifold theory [17] . In short, this approach 138 establishes that the normal form representing the dynamics of the system on the 139 centre manifold is given by
where,
Note that in the (17) and (18) at the criticality.
147
In our case, let us take p 2 as bifurcation parameter. Then, R 0 = 1 is equivalent
It can bee seen that Theorem 2.1 implies that b > 0 (see [37] ). Therefore, the sign 150 of coefficient (17) 'decides' the direction of the bifurcation occurring at p 2 = p crit 2 .
151
Precisely, if a > 0, then system (1) exhibits a backward bifurcation at R 0 = 1. If 152 a < 0, then the system exhibits a forward bifurcation at R 0 = 1 [9, 14, 37].
153
Theorem 3.1. If
then system (1) exhibits a backward bifurcation at R 0 = 1. If the reversed inequality 155 holds, then the system exhibits a forward bifurcation at R 0 = 1.
156
Proof. Let us begin by observing that the matrix
admits a simple zero eigenvalue and the other eigenvalues are real and negative.
158
Hence, when p 2 = p crit 2 (or, equivalently, when R 0 = 1), the disease-free equilibrium 159 E 0 is a nonhyperbolic equilibrium.
160
Denote by v = (v 1 , v 2 , v 3 ), and w = (w 1 , w 2 , w 3 ) T , a left and a right eigenvector associated with the zero eigenvalue, respectively, such that v · w = 1. We get:
Taking into account of system (1) and considering only the nonzero components of the left eigenvector v, it follows that
Now it can be checked that
In view of (19) we have
,
where S h0 and S v0 are given in (5). Then, it follows
where Θ is defined in (20). Therefore, system (1) exhibits backward or forward Table 1 , with the exception of p 2 , which has been taken as bifurcation parameter.
carrier is the double of those attracted to other individuals (uninfected or carrying 173 non transmittable forms of the parasite). Therefore, we estimate that mosquito that 174 bite humans will do it at a probability 2/3 if the human is infectious (in the sense 175 that it carries gametocytes) and 1/3 if the human is susceptible, so that π = 2.
176
From Figure 1 it can be seen that π has a huge influence on the saddle-node 177 threshold of R 0 , i.e. the value of R 0 below which the only stable equilibrium is Table 1 , with the exception of p 2 , which has been taken as bifurcation parameter.
here, model (1) may be simplified by assuming that the human population is at We will use the geometric approach to global stability due to M. Li and J. 
213
Proving the fulfillment of these conditions for a four-dimensional system, like
214
(1), can be done but the procedure becomes particularly involved (see for example [3, 215 6, 18]). However, the assumption of a constant total population (vector or humans) 216 allows to reduce model (1) to a more tractable three-dimensional system. In order 217 to avoid the restriction α = 0, we assume that the total population at equilibrium 218 is that of vectors, instead of humans, as done in [1] , i. e. we assume N v (t) = V 219 (const.), for all t > 0. From (4) and (5) it immediately follows that V = S v0 . Under 220 this assumption, from (1) we get
where λ h (b, π) and λ v (b, π) are given in (2). This system may be studied in the feasible region
We have the following result:
222
Theorem 4.1. Suppose that in system (1) the vector population is at equilibrium.
223
If R 0 > 1, then the unique endemic equilibrium E of (1) 
231
To this aim, note first that the Jacobian matrix corresponding to system (22) is given by
From this we get the second additive compound matrix
Choose now the matrix where,
Choose now the vector norm | · | in R 3 + given by |(x, y, z)| = max{|x|, |y| + |z|}.
Let σ(·) denote the Lozinskiȋ measure with respect to this norm. Using the method of estimating σ(·) in [25], we have
where |B 21 |, |B 12 | are matrix norms with respect to the L 1 vector norm and σ 1 denotes the Lozinskiȋ measure with respect to the L 1 norm 1 . Since B 11 is scalar, its Lozinskiȋ measure with respect to any norm in R + is equal to B 11 . Therefore,
Moreover,
From (22) we get
Observe that:
and substitute (25) into (23) and (26) into (24), to get
Now, taking into account of (2), we have
Equalities (28) and (29) imply
where K is the compact absorbing set, we have, for t > T 0 ,
which implies q 2 < −µ/2 < 0, where q 2 is given by (31), so that the proof is We begin by discussing the impact of b and π on the basic reproduction number R 0 . Observe that from (7), taking into account of (3), it can be checked that
This means, as expected, that bed-net usage is beneficial, in the sense that an 
254
In case of forward bifurcation, this minimal value if the classical threshold R 0 = 1. Therefore, from condition R 0 < 1 we can find the minimal value b crit of bed-net usage ensuring the potential eradication of the disease. From R 0 < 1, in view of (7) and (3), we get
When π = 1, we obtain the critical value in absence of vector-bias, say
which was found in [1] . Being b crit > b 1 , for π > 1, it can be deduced that this 255 critical value of bed-net usage increases when the mosquitoes preference for biting 256 infected humans is taken into account.
257
An analogous approach may be employed to assess the role of b and π on the min- Now, we want to assess which of the two parameters b and π has the greatest influence on changes of R 0 values and hence the greatest effect in determining whether the disease may be cleared in the population. To this aim, we provide a local sensitivity analysis of the basic reproduction number (see e.g. [11] ). Denote by Ψ the generic parameter of system (1). We evaluate the normalised sensitivity index
which indicates how sensitive R 0 is to changes of parameter Ψ. A positive (resp. 261 negative) index indicates that an increase in the parameter value results in an in-262 crease (resp. decrease) in the R 0 value. In our case, we have:
The quantity S b is negative, as expected, but its magnitude depends on the parame-
265
ter values. For example, choosing the values in Table 1 of adopters is up to 24%.
270
The variation of R 0 by changing b and π can be seen in Figure 4 (left panel).
271
It is evident the harmful result of a high mosquito preference to infectious together 272 with a low bed-net usage. Table 1 .
We conclude this section by showing the effect of both the vector-bias and the bed-net usage on the backward bifurcation occurrence. This can be done by analyzing the response of parameter Θ of changing π and b. It is easy to check that
Therefore, even if the system undergoes a backward bifurcation, the phenomenon As far as we know, the simultaneous effects on malaria transmission of vector-bias
283
(i. e. the enhanced attractiveness of infectious humans to mosquitoes) and human 284 behavior (here represented by bed-net usage), has never been studied before. We propose a theoretical approach based on modeling and analysis of Mathematical
286
Epidemiology.
287
The baseline model used here is the vector-bias malaria model considered in [7] , 288 which has been extended by adopting the bed-net usage modeling proposed in [1] .
289
The "merging" of this two modeling approaches allows to assess that mosquitoes performed only for the disease-free equilibrium, and for the special case α = 0.
308
We needed the assumption of a total vector population. A similar assumption 309 was done in [1] to analyse the stability of the disease-free equilibrium.
310
• 
where f : D → R n , D ⊂ R n open set and simply connected and f ∈ C 1 (D). Let 335 x * be an equilibrium of (30), i.e. f (x * ) = 0. We recall that x * is said to be globally 
is satisfied.
344
In (31) the quantity B is given by
where P (x) be a ( We note that for a n × n Jacobian matrix J = (J ij ), J [2] is a ( n 2 ) × ( n 2 ) matrix
